Condition-based maintenance has been widely used in the maintenance strategy of equipment or systems. Aiming at the maintenance decision-making of the equipment with dynamic degradation characteristics, a dynamic condition-based maintenance model is proposed based on Inverse Gaussian process in this paper. Firstly, an Inverse Gaussian process with stochastic parameter is proposed to describe the change of the equipment degradation characteristics during operation, and the important stochastic properties related to condition-based maintenance is deduced. Secondly, the dynamic maintenance threshold function is proposed, and its different values at different degradation stages can reduce the early failure risk of the equipment while ensuring a lower expected cost ratio. On this basis, a dynamic maintenance decision-making model with multi-objectives is established. A numerical example is illustrated to verify the correctness and practicability of the proposed method, and the sensitivity analysis results of the related parameters prove the necessity of considering the dynamic degradation characteristics of equipment. The comparison result proves that the method proposed in this paper can obtain better safety and economy of maintenance than the method with fixed thresholds.
I. INTRODUCTION
With the intensification of market competition in the context of economic globalization, enterprises are increasingly demanding the precision and reliability of production equipment. Condition-based maintenance (CBM) strategy can effectively process and analyze the condition monitoring information to reflect the actual operation status of equipments, and solve the problems of over-maintenance and insufficient maintenance by formulating corresponding maintenance strategies. It has been widely used in the health management of key equipment in the fields of industrial production [1] , [2] and national defense and military industry [3] , [4] .
The general steps of CBM are divided into three parts: (1) condition data acquisition; (2) remaining life prediction; (3) CBM decision-making. Remaining life prediction, as the bridge between equipment condition data and CBM, The associate editor coordinating the review of this manuscript and approving it for publication was Lorenzo Ciani .
is essential for the accuracy of maintenance decision-making. The remaining life prediction method based on performance degradation modeling can make full use of the life information in the condition data without equipment failure, and it can greatly reduce the cost on the premise of ensuring the accuracy of life prediction [5] - [7] . The stochastic process model can describe the stochastic fluctuation of various factors in the degradation process, which accords with the actual operation of the equipment. It not only improves the accuracy of life prediction, but also provides a guarantee for the formulation of later maintenance strategies, therefore, it is widely adopted in the life prediction and maintenance decision-making [8] - [10] . As a monotone stochastic process with independent increments, Inverse Gaussian (IG) process is introduced into the degradation modeling by Wang and Xu [11] . It shows a better fitting effect than Wiener process and Gamma process in the degradation modeling of electrical connectors [12] and GaAs laser [11] , which enriches the application of the stochastic degradation process in life prediction. Then, with the clarity of the physical meaning [12] and the incorporation of the parameter randomization methods [13] , the IG process has attracted wide attention in life assessment [14] , [15] and reliability test optimization [16] - [19] . However, in the research of maintenance strategy, Chen et al. [20] introduced IG process into a CBM modeling, and proposed a monotone control limit strategy to optimize maintenance threshold and observation interval. After that, Li et al. [21] proposed a CBM using IG process considering the imperfect maintenance. In addition, there are few applications of IG process in the CBM research. And the reviews about life prediction and CBM can be found in [22] .
With the continuous development of sensor equipment and condition monitoring technology, it will be easier for researchers to obtain the more accurate online operation data of the equipment. This makes the monitored degradation conditions of the equipment tend to be continuous. Meanwhile, this can also reflect the real-time changes of degradation characteristics during the operation of equipment, which is of great significance to the life prediction [23] - [26] and CBM. However, in CBM, researchers focus mainly on the impact of maintenance on the equipment degradation [27] , [28] . The real-time changes of the degradation characteristics caused by equipment operation are rarely concerned. This phenomenon is particularly evident in the CBM based on stochastic degradation process. For instance, Zhang [29] proposed a CBM model using Wiener process, which considers the change of degradation rate caused by the imperfect maintenance through the random improvement factor model, and ignored the factors of the equipment dynamic operation. In fact, in a single maintenance cycle, with the equipment operation, its degradation characteristics are also dynamically changing, which directly affects the parameters of degradation model and the CBM decision-making. Therefore, it is meaningful to carry out a dynamic degradation modeling for the CBM of equipment.
In the existing CBM strategies based on stochastic process, the decision variables are mainly fixed maintenance threshold and monitoring interval [20] , [29] , [30] . The fixed maintenance strategy is convenient and feasible, but it is not the optimal strategy. For instance, for the inspection interval, considering the less initial degradation of the equipments, a larger inspection interval can avoid redundant inspection costs, and a smaller inspection interval at the later stage of operation can ensure a timely detection for failures. The relevant scholars have made the following improvements: Grall et al. [31] applied a multi-level control-limit rule to CBM, which makes the next inspection time of the equipment depend on the current system stage, i.e. the higher the degradation, the smaller the inspection interval. Meanwhile, Grall et al. [32] used the concept of inspection scheduling function to interpret the same results. Correspondingly, it is also meaningful to choose different maintenance thresholds at different degradation stages, such as the monotone control limit policy [20] , [33] . As mentioned above, in the dynamic degradation modeling of equipment, the real-time change of model parameters will lead to the change of remaining life information. A dynamic CBM can adjust maintenance strategy according to the real-time remaining life information of equipment to meet production requirements. Therefore, it is an issue worthy of study that remaining life prediction and dynamic maintenance based on real-time degradation modeling.
In this paper, we develop a dynamic CBM decision-making model based on an IG process with stochastic parameter proposed. The variance of drift parameters of IG process decreases with time, which reflects that the degradation rate of equipment will change during operation, and the uncertainty of our understanding to this change will decrease with the enrichment of the acquired condition information. This accords with the reality and our intuitive understanding, and the IG degradation model is first proposed. In addition, the concept of dynamic maintenance threshold function (DMTF) is proposed in this paper. At different degradation stages, the maintenance threshold is no longer a fixed value, which makes the security and economy of maintenance decision-making unified. Specifically, the preventive maintenance ĄiPMĄj we considered is imperfect, that is, the equipment cannot be restored to the as-good-as-new state through PM. This assumption is in line with the engineering practice. The proposed dynamic CBM features are mainly reflected in the following three aspects: (1) An improved IG degradation model with stochastic effect is established. The distribution of drift parameters is updated with time, which is the basis of dynamic CBM; (2) DMTF is proposed to replace the fixed maintenance threshold. This measure can effectively reduce the risk of equipment early failure and dynamically adjust the maintenance scheme at different operation stages of equipment; (3) Considering the dynamic impact of imperfect PM, the dynamic correction to the previous two points can be made after each PM.
The remainder of the paper is organized as follows: Section 2 introduces some necessary preliminaries of the proposed IG process with stochastic parameters and deduces important stochastic properties related to CBM. Section 3 establishes the dynamic CBM decision-making model, including the proposition of DMTF. In Section 4, the maintained system renewal process is introduced in detail and the statistical inference for relevant probability is presented. Section 5 verifies the feasibility of the model through a numerical example, and gives sensitivity analysis to discuss the impact of the parameters of the degradation model on the decision-making optimization results. Section 6 draws the conclusion of the paper. Some technical details and supplementary information are provided in Appendix.
II. PRELIMINARIES
A. NOTATIONS
X (t) Product degradation path β
The drift parameter of IG process η
The diffusion parameter of IG process (t) Time scale function
The mean of 1/β t/σ 2
The CDF of degradation path c f
The cost of CR c p
The cost of PM c r
The cost of PR c f
The cost of inspection t
Inspection interval c f
The cost of inspection N
The upper limit of maintenance times i j
The i-th inspection moments in the j-th
The parameters in DMTF z j
The residual damage in the j-th PM cycle α, ε
The
The conversion factor of degradation rate EU Expected operating cost EV Expected service life l
The number of inspection before failure n
The number of PMs before failure t c
The time of equipment failure P p i j t
The probability of PM occurs at i j t P f
The probability of CR occurs ϕ (n)
Indicator function P r
The probability of PR occurs n c
The sample number under simple simulation n s
The number of simulation S 2 The sample variance of β
The sample mean of S 2
B. INVERSE GAUSSIAN PROCESS WITH STOCHASTIC PARAMETERS
As a monotonous stochastic process, IG process has been widely adopted in product degradation modeling and life prediction in recent years. A lot of researches have laid a theoretical foundation for subsequent modeling and analysis of IG process. Assuming that a product degradation path {X (t), t > 0} obeys IG distribution X (t) ∼ IG(β (t), η[ (t)] 2 ), β, η > 0 are drift and diffusion parameters of IG distribution, respectively, reflecting the velocity and fluctuation of degradation process. (t) is a time scale function, and (0) = 0. In this paper, the linear form (t) = t is used to illustrate it.
In the actual operation process of equipment, the influence of environment on equipment is often dynamic, which makes the modeling method with fixed parameters unable to accurately describe the degradation state of equipment. Wang et al. [24] proposed a Brownian motion model with adaptive drift coefficient to describe this dynamic change, and many scholars have done a lot of in-depth research on it [9] , [23] , [26] . However, there is a lack of relevant research on the dynamic degradation modeling using IG process. Here, we propose an IG model with stochastic parameter
where, B(t) is standard Brownian motion, and the first formula can also be expressed as 1 β ∼ N (µ β , t σ 2 β ). µ β and t σ 2 β represent the mean and variance of 1 β respectively. The purpose of this model is to describe that the degradation rate of equipment in operation changes with the acquisition of degraded data, and the uncertainty of this change decreases with time, which is also the difference between the proposed model and Pan's model [34] . For further explanation, we give Theorem 1:
Theorem 1: For a given distribution of 1 β, the variance D(β) of β decreases monotonously with time t.
The description of Theorem 1 is intuitive. It can be seen from the distribution of 1 β that with the increase of t, the variance of 1 β increases, which means that the dispersion degree of 1 β increases. While the dispersion degree of β decreases accordingly, and D(β) decreases. The detailed proof to Theorem 1 is provided in Appendix A. Next, we give the important stochastic properties related to CBM of the proposed IG model.
Based on the concept of first hitting time, the time when the equipment first reaches the preventive maintenance threshold ω p and the failure threshold ω can be defined respectively as:
To formulate the subsequent CBM strategy, we need to get the remaining life information of the equipment. Here we give Theorem 2:
Theorem 2: For the IG process model proposed, and the definition of the RUL, the following results hold:
In Theorem 2, the cumulative distribution function (CDF) of T ω p and T ω given in Eqs. (4) and (5), and the distribution of degradation path given in Eq. (6), which lays a foundation for the subsequent CBM strategy. The detailed proof to Theorem 2 is provided in Appendix B.
Remark: Since the existing CBM researches based on stochastic process are mostly validated by simulation, the model parameters are usually given directly and fixed, which limit the contribution of the IG model proposed to a certain extent. In the remaining life prediction for a specific product, the model parameters are updated by the latest degradation data, rather than the fixed values. When the latest degradation data x k is obtained, i.e. the available degradation data are X 0:k , the model parameters can be updated by the EM algorithm [34] , and the real-time prediction of remaining life can be realized. Considering that the research interest of this paper is the CBM based on IG model, we will not discuss it in detail here.
III. DYNAMIC CBM STRATEGY
In this section, we propose a dynamic CBM strategy based on the IG model proposed in the previous section. The goal of maintenance decision-making is to obtain DMTF and inspection interval with the consideration of both safety and economy.
A. PROBLEM FORMULATION
Firstly, we give the following assumptions:
(1) The equipment failure is only caused by the degradation accumulation X (t) during operation. When X (t) ≥ ω, the equipment fails. A corrective replacement (CR) is performed to recover the equipment to the as-good-as-new state and a fixed cost c f is incurred.
(2) When ω p ≤ X (t) ≤ ω, we think that the equipment is defective but not yet failure, a PM is performed and a fixed cost c p is incurred.
(3) The effect of PM is imperfect, that is, the equipment cannot be restored to the as-good-as-new state after each PM. The imperfect impact is mainly reflected in two aspects-the degradation amount and the degradation rate: (a) After each PM, the residual damage will fall randomly in the interval [0, ω p ]; (b) Each PM will make a correction to the degradation rate.
(4) The maintenance number for a piece of equipment is not infinite. Since the limit of the maintenance cost and imperfect PM, we think that when the number of PM exceeds a certain value N , the equipment has reached the expected maximum service life, so a preventive replacement (PR) is performed and a fixed cost c r is incurred.
(5) If X (t) < ω p , there is no defect in the equipment, it can continue to operate without any maintenance measures.
(6) All the defects and failures of the equipment can only be found by inspection, which is perfect and instantaneous. And a fixed cost c i is incurred after each inspection. (7) We believe that all the maintenance measures (including PM, PR, and CR) are instantaneous, without delay time and operation (continuous) time.
(8) The maintenance threshold is a binary function of inspection times and maintenance times, rather than a fixed value, i.e. the value of ω p is different for the equipment at different operation time. All of the above assumptions are applicable during the whole process of equipment operation, and the c p produced by different ω p is equal.
B. PROPOSITION OF DMTF
The maintenance threshold ω p , as one of the most important decision variables in maintenance strategy, controls the implementation of equipment maintenance, and is mostly fixed in previous CBM. However, due to the dynamically change of equipment degradation characteristics, the equipment with higher degradation level at the early operation stage is more prone to failure (see Lemma 1 and 2 in [20] ), and it is difficult to detect this failure mode adopting the higher ω p . Considering that this failure occurs at the early stage of equipment operation, we call it the early failure of equipment. Meanwhile, the equipment degradation rate has a higher uncertainty at the early operation stage, and a more conservative ω p can ensure production safety. However, with the equipment running, the conservative ω p will greatly reduce the efficiency of the equipment. Therefore, one of the characteristics of the dynamic CBM strategy proposed in this paper is the dynamic maintenance threshold.
The CBM strategy with the monotone control limit policy proposed in [20] , [33] is helpful to detect the risk of early failure. However, the frequent change of ω p makes it impractical in engineering practice. If ω p can be described in a unified form, this problem can be well solved. We observe that when t → 0, the monotone control limit policy tend to be a continuous smooth curve, and each inspection time correspond to a value of ω p . The real-time dynamic control for ω p can be realized by establishing the function relation of this curve.
Therefore, we propose a DMTF, which is the nondecreasing over equipment operation time t, i.e. ω p (t). It should be noted that considering the characteristics of maintenance, we have ω p (t) < ω for all t ∈ R + . Since the consistency principle of failure mechanism, which is widely used in the related researches of accelerated degradation test [35] , [36] , the failure threshold should be equal at different degradation stages. The form of DMTF is shown in FIGURE 1.
As shown in FIGURE 1, ω p | t=ξ is the value of ω p when t = ξ under monotone control limit policy. It can be seen that the monotone control limit policy tends to the DMTF proposed when t → 0. We give an example to illustrate it clearly. As shown in FIGURE 2, a higher degradation level of equipment 1 occurs at the early stage of operation process, which means that it has a large degradation rate and cannot be detected as soon as possible with a fixed threshold. In the case of fixed inspection interval, the equipment 1 has failed at the next inspection, as shown by the red marking point in FIGURE 2. The proposed DMTF can detect such early failure as early as possible. Meanwhile, as described in II.B, the degradation rate of the equipment is dynamically random. Since the less condition information collected at the early stage of the equipment operation, the high uncertainty in β|X t allows ω p to be conservative. The uncertainty in β|X t decreases as t increases, which allows the maintenance policy to be less conservative. The value of DMTF proposed also increases at the later stage of operation, which ensures the effective operation time of the equipment and reduces redundant maintenance, as shown by equipment 2 in FIGURE 2. Therefore, DMTF is conducive to both safety and economy of the maintenance. It should be noted that early failure is only a relative concept. As shown in FIGURE 2, equipment 1 is an early failure relative to equipment 2. However, if there is a equipment 3 with more stable degradation, to some extent, equipment 2 is an early failure relative to equipment 3. That is to say, the higher the degradation rate of equipment, the higher the probability of early failure, and the smaller value of DMTF will prevent its failure.
In addition, the effect of PM proposed in this paper is imperfect. The PM affects the degradation amount and degradation rate of equipment, which will be introduced in the next part. The accumulation of residual damage will exceed the initial value of DMTF after multiple PMs. Therefore, the DMTF should be affected by the equipment operation time t and the maintenance times j.
The expression of DMTF is given.
where, i j represents the i-th inspection moments in the jth PM cycle, i = 0, 1, · · · , j = 1, 2, · · · , N . It should be noted here that j represents the number of the current PM cycle, and that the number of PMs occurred before is j-1. For the convenience of subsequent expression, we let i j t to reflect the change of ω p with the operation time of equipment, which is consistent with ω p (t). g a, i j t and h (b, j) are monotonically increasing non-negative functions of inspection times and maintenance times, respectively. Considering the significance of maintenance threshold, we have g (a, 0) , h (b, 0) > 1 c. c < ω is the upper limit of ω p (i, j) infinite approximation. The reason why c does not take ω is that it will take a long time to reach the ω p when the degradation rate of the equipment is low. At this time, ω p (i, j) has infinitely approached ω, which will lead to the delay of the equipment maintenance and the great increase of the failure risk. In this paper, the simplest linear form is taken as an example to illustrate, and the analytical expression of ω p (i, j) is as follows:
It can be seen that Eq. (8) satisfies the following conditions (a) ω p (i, j) ∈ (0, c) , i = 0, 1, · · · , j = 1, 2, · · · , N ; (b) ω p (i, j) is monotonically increasing functions of i and j. We believe that the equipment does not have an initial degradation when it is put into production, and it is not necessary to obtain ω p (0, 0), i.e. i 0 = 0 in Eq. (8) .
Remark: The concept of threshold function has been proposed in [37] , however, it is a function over time variation by transforming the proportional failure model. Although they all reflect the relationship between maintenance threshold and time, there are two distinct differences: (a) the maintenance threshold function is based on the failure model, and the threshold reflects time rather than performance degradation; (b) it is essentially a form of proportional failure model which is a narrow concept. In addition, the model proposed in this paper considers the effect of imperfect PMs on the threshold function, so we use DMTF to distinguish the name.
C. THE IMPERFECT PM MODEL AND ITS INFLUENCES
An i mperfect PM is a kind of maintenance type commonly adopted at present, which conforms to the actual operation situation of equipment. In practical production, a PM is generally unable to restore the equipment the equipment to the asgood-as-new state. The perspectives of degradation amount or degradation rate. The relevant literatures can be referred to [38] - [40] . In this paper, the method proposed by [41] is used to considering the effect of imperfect PM on degradation amount and degradation rate at the same time.
The residual damage model was proposed by Guo et al. [30] which considered a residual damage z j falls randomly in the [0, ω p ] after each PM.
where α > 1 is the ratio of the geometric process, ε > 0 is a factor to describe the scale parameter of the exponential distribution. Since the residual damage is only produced by PM, we have z 0 = 0. And the expectation of z j is
It has been proved in [30] that when ω p (i, j) is a constant, E z j is a monotonic increasing function of the number of the imperfect PMs. Considering ω p (i, j) is an increasing function of the imperfect PMs, Eq. (10) is also an increasing function of the number of the imperfect PMs.
In addition to the residual damage, the imperfect PM also affects the degradation rate. Since the model randomizes the degradation rate, we consider that each PM would produce a factor q for µ β , i.e. µ j β = q j µ 0 β . And µ 0 β is the initial value of µ β . The random improvement factor [29] can also be used here, but it is not the interest of this paper.
D. MAINTENANCE DECISION-MAKING MODEL
The main purpose of the dynamic maintenance model proposed is to take into account of the safety and economy of maintenance and make maintenance decisions for the equipment with dynamic degradation characteristics. In this paper, the long-term expected cost ratio and the early failure probability are used to specify these two aspects.
The long-term expected maintenance cost ratio is the ratio of the expected operating cost EU (including inspection cost and maintenance cost) to the expected service life EV in equipment life cycle, which is an important index to evaluate the performance of maintenance strategy. The lower the value is, the longer the effective operation time of the equipment is, and the lower the operation cost is. It is an important reflection of the economy of maintenance strategy. The expression is as follows:
The specific expression of the related elements in EU is referred to [41] . As mentioned in III.B, the degradation rate of equipment 1 in FIGURE 1 is higher. If a fixed maintenance threshold is adopted, the early failure of equipment would be detected hardly. Since the corrected effect of maintenance measures on equipment degradation rate, the early failure model often happens before the time when no PMs are taken. In this case, maintenance measures do not play any role in prolonging the service life of equipment, which will bring huge safety risks to production. Therefore, this paper chooses to minimize the early failure probability P f (l + 1, 0) as the second decision objective to ensure the safety of maintenance decision. l is the inspection number before equipment failure, and 0 is the maintenance number before failure.
Here we obtain the dynamic maintenance decision model:
IV. MAINTAINED SYSTEM EVOLUTION
The whole process of maintenance system refers to the process of putting a piece of equipment into operation continuously and detecting the defects through inspection, and repairing the defeats through the PMs until the equipment is finally replaced, which is an updated evolution process. There are two kinds of termination conditions for this process: (a) the cumulative degradation of the equipment exceeds the failure threshold, and a CR occurs; (b) the equipment reaches the maximum service life (the maximum number of PMs), and a PR occurs. In the actual operation of the equipment, the maintenance measures should strive to avoid ending with condition (a) because the failure will bring great safety risks to production and huge failure costs. To seek the optimal parameters of DMTF and inspection intervals, this section elaborates on the maintained system evolution process from the two termination modes described above. FIGURE 3 illustrates the maintained system evolution process. The inspection interval is t, W 1 and W 2 are two independent maintenance processes. Among them, W 1 is a maintenance process ending with PR and W 2 is a maintenance process ending with CR. T 1 , T 2 and T 3 are respectively the single PM cycle in W 1 . Z 1 and Z 2 are the residual damage after the imperfect PM. In the first PM cycle after the equipment is put into production, we find that the equipment is with higher degradation rate at the initial stage of operation through DMTF. In order to prevent the equipment from early failure, we carry out a PM. The equipment performance is restored with the residual damage generating, and DMTF is also updated. In such circulation, after reaching the maximum number of equipment maintenance, PR occurs. A new piece of equipment is put into production and the maintained system evolution continues.
A. CR
Due to the randomness of the equipment degradation, it is possible for the equipment to fail at any time. When a failure occurs, the equipment immediately stops operation. The failure will not be detected until the next inspection and a CR will be carried out. Assume a failure occurs at t c ∈ [l t, (l + 1) t], and there are n PMs before failures 0 ≤ n < N , l ≥ j n . From the hypothesis and analysis of the previous section, it can be seen that PR occurs at (l + 1) t and it needs to satisfy the following two conditions:
(a) X (l t) < ω p (l t) and X ((l + 1) t) ≥ ω.
(b) There are n times of PMs before the failure. Conditions (a) are obvious. For the condition (b), it is actually the basis of maintained system evolution (including CR, PR). Both ω p (l t) and ω p (i, j) represent DMTF related to the PM cycle times j and the inspection times i which are different expressions under the corresponding condition. ω p (l t) is aimed at the whole process of maintenance system, and ω p (i, j) is aimed at each PM cycle. In the following narrative, we will no longer distinguish them. Considering the uncertainty of each PM time i j t, j = 1, 2, · · · , n, it is necessary to analyze the probability of PM before CR or PR. Theorem 3 is given here.
Theorem 3: For the dynamic CBM proposed in this paper, the probability of PM occurs at i j t is shown in the next page [see (13)-(17)].
And 2 We have z 0 = 0 from III.C, so in Eq. (13), z j−1 is no longer integrated when j = 1. Theorem 3 gives the probability of the PM at any time under dynamic maintenance, which provides the basis for dynamic maintaining system evolution. In the subsequent derivation, we will use the conclusion of Theorem 3 directly in the form of P p i j t . The proof of Theorem 3 can be found in [30] .
It should be noted here that PM times satisfy j ∈ [2, N ] in P p i j t , and we have explained in the previous description that n times PMs were performed before the failure, and n ∈ [0, N ]. Therefore, when n =0, j =1 that is, the condition that there are no PMs before the failure occurs needs to be considered separately. The probability P f (l + 1, n) of CR at (l + 1) t is given as (18) , shown in the next page, where ϕ (n) is an indicator function:
The expressions of the related elements in the Eq. (18) can be found. Therefore, we get the probability of a CR occurrence for the equipment is P f = ∞ l=n N n=0 P f (l + 1, n) .
It can be seen that the condition of n = 0, i.e. the early failure mode discussed in III.D, should be avoided as much as possible. The DMTF proposed in this paper can better prevent
where,
such failure modes under the condition of low expected cost ratio. In the next section, we will discuss the role of the dynamic CBM model proposed in considering both safety and economy of maintenance.
B. PR
In a maintained system evolution, even if the failure does not occur, that is, CR is not carried out, the equipment cannot operate indefinitely through a PM. On the one hand, from the safety point of view, many damages cannot be repaired by a PM because of the aging of the equipment performance, which is also an important reason for the increase of residual damage. On the other hand, from the economy point of view, c p and c i accumulate as maintained system evolution proceed. Although c p and c i are smaller than c r in value, the available operation time of the equipment decreases with the increase of residual degradation. This also means that in order to avoid a failure, PM will be frequently performed at the later stage of maintained system evolution, which will increase c p and reduce the availability of equipment. Therefore, we should have a criterion to judge the termination of the maintained system evolution with no CR. Here we consider that when the PM number of equipment reaches the upper limit N , from the point of view of safety and economy, a PR will be better than continuing to operate and maintain. It should be noted that the upper limit of maintenance times here means the maximum service life, rather than the ability of the equipment carrying the maximum number of maintenance times.
When the equipment has experienced N times of PMs, PR will not be executed immediately. Until the next time it is inspected that the degradation exceeds ω p , PR will occur, rather than PM. Assume the time for the N + 1 time of the equipment degradation exceeding ω p is t r ∈ [l t, (l + 1) t], l ≥ i N , i.e. the PR is carried out at (l + 1) t. A PR occurs at (l + 1) t needs to meet the following two conditions:
(a) X (l t) < ω p and ω p ≤ X ((l + 1) t) < ω.
(b) There are N PMs before the failure.
As the related theory has been introduced in IV.A, the probability for a PR occurs at (l + 1) t is
The detailed expressions of each element in the Eq. (20) can be obtained by referring to IV.A. Therefore, the probability of PR for the equipment in maintained system evolution is
On this basis, we can refer to [41] to get the specific expression of other elements in EV. Since the basic form is same, we do not elaborate in this paper.
V. A NUMERICAL EXAMPLE
This section verifies the correctness and practicability of the dynamic maintenance model proposed in this paper through simulation study. The parameters a, b and c in DMTF and inspection interval t are optimized when the equipment degradation conforms to the IG process. In order to verify that the DMTF proposed in this paper can effectively reduce the early failure risk of equipment on the basis of guaranteeing a lower expected cost ratio, it is compared with a fixed maintenance threshold model. In addition, the sensitivity of related model parameters is analyzed.
A. PARAMETER SETTINGS
Assuming that the degradation process of the equipment obeys the IG process, we adopt the IG process model defined in Eq. (1) to model the degradation process reflecting the dynamic degradation characteristics during equipment operation. The degradation model parameters without maintenance are µ 0 β = 0.5, σ 2 β = 10 4 and η = 0.4. The residual damage model parameters are α = 1.2, ε = 0.1, and the conversion factor q =1.1. A periodic inspection is proceeded with a period of t. A CR is carried out when the degradation exceeds ω, a PM is carried out when the degradation amount exceeds ω p , and a PR is carried out when the cumulative PM number exceeds N =5; besides, no operation is carried out. Some relevant maintenance cost parameters are set as follows: c i = 5, c p = 50, c r = 300, c f = 500.
B. ANALYSIS AND DISCUSSION OF RESULTS
The aim of this paper is to obtain the optimal maintenance strategy which takes into account both the maintenance economy (minimum expected cost ratio) and safety (minimum early failure probability). Considering the multi-objective optimization problem discussed in this paper, we adopt the NSGA-II an optimized search. The population size is set to be 50 to get the Pareto frontier as shown in FIGURE 4.
It can be seen from FIGURE 4 that minimizing the expected cost ratio and minimizing the early failure probability are two mutually restrictive objectives. The maintenance strategy corresponding to the smaller failure probability will lead to a higher expected cost ratio, and vice versa. In fact, to ensure a smaller early failure probability, we often reduce the inspection interval and maintenance threshold. the former will lead to a significant inspection cost, while the latter will lead to a shorter effective service time of equipment, both of which will lead to an increase of the expected cost ratio. To verify the role of DMTF in the maintenance strategy of the equipment with dynamic degradation characteristics, we set M1 as the maintenance decision model proposed in this paper, and M2 as the maintenance decision model with fixed maintenance threshold. In the same simulation environment (dynamic IG process), the comparison results are shown in the red and blue markers. It can be seen that DMTF proposed can obtain the minimum early failure probability (or expected cost ratio) at the same expected cost ratio (or early failure probability). The reason is that DMTF reduces the early failure risk of equipment by conservative value in the initial stage of operation, and ensures the available operation time of equipment by increasing the maintenance threshold in the later stage, thus reducing the cost rate. TABLE 1 lists the partial solution in the Pareto frontier of the two models (local enlargement region in FIGURE 4), i.e. the optimal maintenance decision-making scheme.
It can be seen that the DMTF proposed in this paper has a positive effect in reducing the expected cost ratio and early failure probability, which can better take into account the safety and economy of maintenance for the equipment with dynamic degradation characteristics.
C. SENSITIVITY ANALYSIS
Since this paper aims to investigate the CBM model of the equipment with dynamic degradation characteristic, the sensitivity analysis of degradation characteristic parameters is carried out in this section. The parameters include the (u 0 β , σ 2 β ). In order to analyze the influences of the parameters to the maintenance policy, we vary one of the parameters, and fix the other parameters to investigate the evolution of Pareto frontier.
When u 0 β varies from 0.5 to 0.9 as shown in FIGURE 5, the expected cost ratio and the early failure probability decrease with the increasing of u 0 β . We can see that the minimum cost ratio decreases from 12.76 to 10.35, and the minimum early failure probability decreases from 0.0021 to 0.0008. In fact, the mean of degradation rate decreases with the increasing of u 0 β . This indicates that the expected cost ratio and the early failure probability will decrease with the decreasing of degradation rate. It can be seen that the lower the mean degradation rate is, the better results the model can achieve in maintenance safety and economy.
When σ 2 β varies from 104 to 5 × 10 4 as shown in FIGURE 6 , the expected cost ratio and the early failure probability increase with the increase of σ 2 β . We can see that the minimum expected cost ratio increases from 12.76 to 14.21, and the minimum early failure probability increases from 0.0021 to 0.0027.
In fact, the increase of u 0 β and decrease of σ 2 β reflect that the equipment degradation tends to be gentle and stable, and the dynamic performance decreases. Therefore, the dynamic characteristics of equipment degradation is an important factor affecting maintenance decision-making. It is necessary to model and analyze the dynamic changes of equipment degradation characteristics in maintenance decision-making. At the same time, the dynamic CBM model using DMTF proposed in this paper can better take into account the safety and economy of maintenance. It has an important theoretical and practical significance in the maintenance decision-making in the actual production.
VI. CONCLUSION
In this paper, a dynamic CBM model is developed based on IG degradation process. The proposed IG model with stochastic parameters is used to describe the dynamic degradation characteristics during the during the equipment operation, and the effects of the imperfect PM on also considered. The proposed DMTF can reduce the early failure risk on the basis of taking different values at different degradation stages. The numerical example shows that the dynamic the dynamic degradation characteristics have a considerable impact on the optimization result and proves the usefulness of the proposed DMTF in both safety and economy in production compared with the method using fixed maintenance threshold. In the future, the following points should be studied: (1) In addition to the maintenance threshold, the inspection interval, as another important maintenance decision variable, is essential to be considered dynamically, such as dynamic inspections [42] , unequal interval measurement [31] , measurement function [32] , and so on. (2) The dynamic degradation modeling of equipment should be further studied and applied, such as the dynamic updating method of the model parameters in maintenance decision-making [23] , [24] , [26] and the dynamic simulation method [29] of equipment operationmaintenance process. (3) The maintenance strategy should be further studied in the aspect of mission-orientation [30] , [43] , and be applied to more fields, such as intelligent manufacturing system [44] .
APPENDIX

A. PROOF OF THEOREM 1
To obtain the relationship between D(β) and t, we first need to get the PDF of β. Here we introduce Lemma 1:
Lemma 1: Let X be a continuous random variable with probability density f (x). Let us define U = φ(X ), where X = (U ) = φ −1 (U ) Then the probability density of U is given by g(u), where:
It should be noted here that the X here is not the same as the degradation path X (t) of the body part. For the proof of Lemma 1, we can see [45] . Since 1 β ∼ N (µ β , t From the TABLE 2, we can find that − S 2 decreases with the increase of t under multiple simulations. Since S 2 is the unbiased estimation of D(β), it can be shown that D(β) decreases monotonically with t. It should be noted that − S 2 is the sample mean which should be distinguished from E(S 2 ).
However, as the unbiased estimation of E(S 2 ), − S 2 gradually tends to be a stable value (E(S 2 )) in TABLE 2 under multiple simulations. Moreover, with the increase of t, the value of − S 2 decreases obviously, so it can be used as a basis to judge the monotonicity of D(β). So far, Theorem 1 has been proved.
B. PROOF OF THEOREM 2
Considering the derivation process of F ω (t), F ω p (t) and F X (x; t) is the same, F ω (t) is taken as an example to illustrate. F ω p (t) and F X (x; t) can refer to it to get the corresponding results.
Firstly, by total probability formula
where, F T | 1 β (t| 1 β ) is the CDF of equipment life using the IG process with fixed parameters. Referring to [11] , [34] , we have
t . Therefore, Eq.(B1) can be written as
Here, we cite two Lemmas [46] to derive F 1 (t) and F 2 (t), respectively. Similarly, we can obtain (B5), as shown at the top of this page. Adopting the same method, we can get F ω p (t) and F X (x; t). So far, Theorem 2 has been proved.
